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Wang and Harvey (2009 and 2010), and Wang and Guan (2010) have developed fracture mode partition theories 
for one-dimensional fractures in beams and plates based on both classical and shear deformable beam and plate 
theories. This paper presents comparisons between different theories and numerical simulations to validate the 
developed theories.  
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1. Introduction  
Recently, references [1-5] have developed fracture 
mode partition theories for one-dimensional fractures 
in beams and plates based on both classical and shear 
deformable beam and plate theories. Numerical 
investigations are presented in this paper to validate 
these theories using finite element methods in 
conjunction with interface springs and crack closure 
technique [6,7].  Section 2 gives a brief summary of 
the theories in [1-5]. Section 3 presents numerical 
investigations and conclusions are drawn in Section 4.  
 
2. Fracture Mode Partitions  
Figure 1 shows a double cantilever beam plate under 
tip bending moments M1 and M2. The geometry 
dimensions are also shown in the figure.  
 
Figure 1: A Double cantilever beam plate 
 
Based on either Euler beam theory or Timoshenko 
beam theory, the strain energy release rate can be 
calculated as 
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where b is the third dimension of the beam plate. It is 
noted that no contact is assumed in obtaining the 
above equation (1).   
 
Now, consider the relative shearing and opening 
displacements at the cracked interface a small da
distance behind the crack tip. The relative shearing 
displacement in Timoshenko beam theory is 
calculated  as 
)2/()2/( 222111 daBdaBsh huhuD ψψ −−+=              (2) 
where 
Bda EIdaM 2,12,12,12,1 )/( ψψ +=              (3) 
In the above two expressions, u and ψ represent the 
mid-plane axial displacement and cross sectional 
rotations, respectively. The subscript B represents the 
crack tip position whilst the subscript da represents 
the position a small da distance behind the crack tip. 
When rigid interface is assumed, the equality of axial 
displacements at the crack tip interface requires 
BBBB huhu 222111 2/2/ ψψ −=+                (4) 
Substituting equations (3) and (4) into equation (2) 
gives 
)2/(])//[( 222111 EdaIMhIMhDsh +=              (5) 
When using Euler beam theory, the cross sectional 
rotation becomes )1(V=ψ  which is the first order 
derivative of deflection. Obviously, in Euler beam 
theory, the same expression as equation (5) is 
obtained.  Therefore, letting 0=shD  gives a 
relationship between the two bending moments as 
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written in vector form as  
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where 2γθ −= and 12 / hh=γ . The pure mode II IIφ
orthogonal to Iφ can be determined using the 
orthogonal condition with respect to the coefficient 
matrix of the quadratic form (1). That is, 
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In equation (7) )31/()3(2 γγγβ ++= and this pure 
mode II IIφ corresponds to zero normal interface 
stress at the crack tip. This pair of pure modes is 
designated as ),( βθ  pair. Although ),( βθ is a pure 
pair in both Euler and Timoshenko beam theories, 
there is subtle difference between the Euler ),( βθ  
pair and Timoshenko ),( βθ pair, which is revealed 
below. 
 
The relative opening displacement at the cracked 
interface a small da distance behind the crack tip in 
Timoshenko beam theory is determined as 
daD BBop )( 21 ψψ −=               (8) 
It can be shown that BB 21 ψψ =  in β mode leading to
0=opD . Therefore, the β pure mode II in 
Timoshenko beam theory corresponds to both zero 
crack tip opening force and displacement. 
The relative opening displacement in Euler beam 
theory is determined as 
)2/()//( 22211 EdaIMIMD BBop −=               (9) 
which leads to a pure mode II  
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where 3γβ =′ . It is seen that this β′  pure mode II is 
different from the β pure mode II. Similarly, The 
pure mode I Iφ′ orthogonal to IIφ′ can be determined 
using the orthogonal condition with respect to the 
coefficient matrix of quadratic form (1). That is, 
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where 1−=′θ .  Again, this θ′pure mode I is different 
from the θ pure mode I.  
 
Now, it can be concluded that there are two pairs of 
orthogonal pure modes in Euler beam theory and one 
pair of pure modes in Timoshenko beam theory. In 
fact, it can be understood that there are also two pairs 
of pure modes in Timoshenko beam theory, but they 
coincide to each other. This difference between the 
two beam theories has fundamental consequence in 
mixed mode partitions. 
 
By using the ),( βθ  pair, M1 and M2 in a general 
mixed mode can be partitioned as 
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where Iα  and IIα  are partition coefficients and can 
be determined from equation (12). Substituting 
equation (12) into equation (1) yields 
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In Timoshenko beam theory, the two pairs of pure 
modes coincide with each other as mentioned above. 
That is, both the crack tip shearing force and shearing 
displacement are zero for Timoshenko beam θ pure 
mode I whilst both the crack tip opening force and 
opening displacement are zero for Timoshenko beam  
β  pure mode II. Therefore, there is no any 
interaction between the ),( βθ pair in Timoshenko 
beam theory and the strain energy release rate in 
equation (13) is simply partitioned as  
I
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However, when using Euler beam theory, there are 
interactions between the Euler ),( βθ pair. The 
interactions arise from crack tip opening and shearing 
forces in θ mode doing work on crack tip relative 
opening and shearing displacements in β mode. 
Details on the interaction can be found in References 
[3, 4]. Here, a brief consideration is given. By using 
crack closure technique and equations (1) and (9), the 
crack opening force in Euler beam θ mode can be 
obtained as  
22 )1/(8 γγθ +=daFnB              (17) 
By using equations (17) and (9), the work done by 
θnBF  on βopD is calculated as  
IIII
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βopD  is the crack tip opening displacement in Euler 
beam β  mode. Since ),( βθ pair is an orthogonal 
pair, the work done by the crack tip shearing force of 
θ  mode on the crack tip shearing displacement of β  
mode must be of the same magnitude as given in 
equation (18) but with an opposite sign. 
Consequently, the strain energy release rate in 
equation (13) is partitioned in Euler beam theory as  
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Numerical validations are given in next section. 
 
3. Numerical Investigations 
In this Section, numerical investigations are carried 
out to validate the above theories. In all the 
investigations, the Young’s modulus E is taken as a 
unit value, the Poisson’s ratio ν is set to be 0.3 and 
the shear modulus 13G is 1/2.6. In the first test case, 
221 =+ hh , 1=b and .2=γ The moment M1 on upper 
beam is fixed at 1, and the moment M2 on lower beam 
changes from -10 to 10. Strain energy release rates 
IG and IIG and the partitions are presented in Figures 
2 and 3. The numerical results consist of three sets of 
FEM results based on Euler beam (EB), Timoshenko 
beam (TB) and 2D plane stress theories (2D), 
respectively. There are three set of analytical results. 
They are the present mode partition theories based on 
Euler beam theory (EBA), Timoshenko beam theory 
(TBA) and Hutchinson and Suo theory (SHA) [8], 
respectively. Since the present analytical results based 
Euler and Timoshenko beam theories are almost 
identical to their counterpart FEM predictions (EB 
and TB), EBA and TBA curves are not plotted in 
Figures 2 and 3 for the sake of clearness. Note that 
the Euler beam FEM predictions (EB) are calculated 
by using Timoshenko beam FEM with a large shear 
modulus since direct use of Euler beam theory with 
interface point springs leads to incompatibility at the 
interface of lower and upper beams. It is seen that 
negative IG and IIG in Euler beam theory occur 
indicating the corresponding crack tip forces do 
negative work when closing the crack. Although 
Hutchinson and Suo theory [8] gives the same total 
strain energy release rate G as those from the present 
two beam theories, its partitions are different from 
both of them and in between them. This is expected 
since the total G in [8] is calculated based on beam 
theory while the mode partition is based on stress 
intensity factors which are 2D elasticity quantities. 
This explains that Hutchinson and Suo theory [8] 
agrees very well with 2D FEM results as shown in 
Figures 2 and 3. 
It is seen from Figure 3 that Euler (EB) IG (or IIG ) is 
larger (or smaller) than Timoshenko (TB) IG (or IIG ) 
if 7/204 2 =<<=− βθ M due to the interaction 
term in equation (18) which causes a energy flow 
from mode II to mode I. In the rest of the region, 
Euler (EB) IG (or IIG ) is smaller (or larger) than 
Timoshenko (TB) IG (or IIG ) due to energy flow from 
mode I to mode II. From this observation, it is 
reasonable to argue that the Euler and Timoshenko 
beam theories provide either an upper bound or a 
lower bound for strain energy release rate partitions, 
respectively. Therefore, it is expected that the average 
of them may give a good prediction in comparison 
with the 2D plane stress partition results. That is, the 
averaged partition rule gives 
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AVA curves in Figures 2 and 3 come from this 
averaged partition rule.  It is seen that there is a good 
agreement between AVA and 2D FEM results. 
Finally, note that the present partition theory based on 
Timoshenko beam theory predicts that crack tip 
running contact occurs when 7/202 =≥ βM leading 
to a pure mode II region within 32 γβ ≤≤ M .  Both 
Timoshenko and 2D FEM simulations have 
confirmed this prediction which is not considered in 
this paper due to space limit.  
The second and third investigation cases, i.e., 
221 =+ hh , 1=b and 4,3=γ are carried out to 
investigate the effect of γ  on the theories. The results 
are presented in Figures 4 and 5 for case 2, and 
Figures 6 and 7 for case 3, respectively. Again, 
similar observations can be made. However, it is 
noted that the comparison between present AVA and 
2D FEM results departs away in the negative  IG  and 
IIG regions. 
 
The final test is the case 4, i.e., 621 =+ hh , 1=b and 
2=γ is considered to study the effect of the total 
thickness on the present theories. Results are shown 
in Figures 8 and 9. A good performance of the 
theories is again observed.  
 Figure 2: Fracture mode partitions in terms of GI and GII for case 1, 221 =+ hh , 1=b and 2=γ . 
 
 
Figure 3: Fracture mode partitions in terms of GI/G and GII/G for case 1, 221 =+ hh , 1=b and 2=γ . 
 
 
 
 
Figure 4: Fracture mode partitions in terms of GI and GII for case 2, 221 =+ hh , 1=b and 3=γ . 
 
 
Figure 5: Fracture mode partitions in terms of GI/G and GII/G for case 2, 221 =+ hh , 1=b and 3=γ . 
 
 
 
Figure 6: Fracture mode partitions in terms of GI and GII for case 3, 221 =+ hh , 1=b and 4=γ . 
 
 
 
 
Figure 7: Fracture mode partitions in terms of GI/G and GII/G for case 3, 221 =+ hh , 1=b and 4=γ . 
 
 
 
Figure 8: Fracture mode partitions in terms of GI and GII for case 4, 621 =+ hh , 1=b and 2=γ . 
 
 
 
Figure 9: Fracture mode partitions in terms of GI/G and GII/G for case 4, 621 =+ hh , 1=b and 2=γ . 
 
 
4. Conclusions 
New partition theories are developed in the paper. 
Numerical investigations show that the present 
theoretical results based on Euler and Timoshenko 
beam theories are almost identical to their counterpart 
FEM predictions. Hutchinson and Suo theory [8] does 
not agree with either the present Euler or Timoshenko 
beam theory. However, it agrees very well with 2D 
FEM prediction. In general, the present averaged 
theory agrees well with the 2D plane stress FEM 
results in the non-negative IG  and IIG regions. A 
distinct advantage of present theories is that they can 
be directly extended to fiber reinforced composite 
laminates for delamination study, which will be 
reported in future papers. Finally, it is noted that 
experimental works are required to validate the 
theories. 
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